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Abstract. In this paper, we compare liquid democracy to representative
democracy with respect to a proportionality principle, according to which
agents with higher stakes should have more voting weight. We provide a
formal model of voting systems that models agents’ uncertainty towards
a voting issue as influenced by stakes in the issue. We formalise the
delegation process in representative democracy and liquid democracy and
prove that only the latter satisfies the proportionality principle.
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1 Introduction

Liquid Democracy (LD) has received increasing academic interest in recent years
as an alternative model of collective decision-making compared to standard
representative systems [3, 17, 18]. Moreover, it was employed as a concrete
decision-making system by several organizations and grassroots parties, like the
Pirate Party in Germany [6] and the EU project WeGovNow [4]. The core of LD
is that voters are allowed to choose whether to delegate their voting rights or
to vote themselves, rather than defaulting their decisions to few (fixed) political
representatives, as in Representative Democracy (RD). The large freedom of
voters has put LD in the spotlight: does LD embody (better than the traditional
forms) the principles that justify democracy?

In this paper, we argue that through this flexible model of representation,
LD outperforms RD with respect to a formal notion of proportionality. The
proportionality principle states that weight in any decision-making should be
proportional to individual stakes, which measure how people’s interests are
affected by the options available in the decision ([5]).* Indeed, although equality

* We thank Ulle Endriss, Davide Grossi and Dean McHugh for valauble comments
on earlier drafts, as well as the participants of the workshop “Formal Models of
Democracy”, held in Rotterdam in April 2022, for their precious feedback.

4 The concept of ‘stakes’ is purposefully left vague. As such, different factors can
influence the way people’s stakes are computed. For example, a person may have
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(summed up by the principle ‘one person, one vote’) is often presented as one
of the main criteria of a good and fair democracy [9], some authors propose
to replace the principle of equality by a principle of proportionality [5, 16, 1].
Yet, distributing voting weight on the basis of interest can be a very demanding
process if performed a priori, i.e. before the voting process begins. We argue
that LD is able to solve this problem by taking the best of both worlds: it gives
every voter equal voting weight while still enabling them to voluntarily create a
more proportional voting scenario through delegation. Indeed, proportionality is
generally a desirable feature of a democratic system, as it encourages participation
and assures the protection of minorities, whenever they are more affected by a
decision [16].

The paper is organised as follows. In Section 2 we describe our model of
preference expression and interest-driven delegation; in Section 3 we prove our
technical results and in Section 4 we evaluate these results in light of our
theoretical assumptions and discuss some further lines of work.

Our contribution We provide a formal model to measure and assess propor-
tionality in different voting systems, where agents are assigned numerical stakes
and are able to delegate their vote. Through the delegation process, a notion of
voting weight is defined to account for the agents’ number of received delegations.
Finally, we provide a notion of proportionality, measuring expected voting weight
with respect to stakes. We show that under the assumption that stakes influence
the expertise of the voters, LD satisfies the proportionality principle for any
profile, while RD does not.

Related Work To our knowledge, our work is the only formal study of LD
from the point of view of proportionality. A similar connection has been studied
from an informal perspective by Valsangiacomo [19]. Examples of issues discussed
about LD include game-theoretic aspects of delegation process [2, 11, 20] and
its epistemic accuracy [7, 14]. The two most similar approaches are those of
Green-Armytage [13] and Kahng, Mackenzie, and Procaccia [14]. The former
adopts a similar, but metric, model in which voters know their values with error
and LD is evaluated with respect to expressive loss in comparison to some form of
RD. The latter studies LD’s delegation mechanism with respect to direct voting
instead of RD. Unlike both of them, however, we consider not just binary issues
and we do not assume that there is a correct solution to the issue in question.
Notably, alternative voting mechanisms, such as storable votes [8] and quadratic
voting [15], have been proposed precisely to satisfy the proportionality principle.
On the other hand, our aim is to study how independently motivated systems,
like RD and LD, fare under such criterion.

high stakes because the area where she lives is affected by the decision. Or, she may
have high stakes because the decision would increase her retirement age, and so on.
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2 The model

In this section we describe our model and introduce our basic concepts of
voting system, suitable profile, delegation process and a notion of expected
proportionality.

Definition 1. A voting system is a quintuple S = (N, P,LP, A, S,) with N =
{1,...,n} set of agents; PLP C N sets of politicians and liquid politicians such
that PULP C N, PNLP =0 and PULP # 0: A = {ay, ..,am} set of alternatives
and S = (51, ...,S,) stakes of each agents.

Our starting point is a set of agents N who have to choose a policy among
those available in A regarding a specific issue. P and LP represent, respectively,
the set of politicians, who vote directly, and liquid-politicians, who can either
vote themselves or delegate. RD and LD correspond to the special voting systems
such that LP = () and LP = N respectively. Note that direct democracy is a
special case of RD where P = N. Our definition of voting system also allows for
the set N\ (P U LP) to be non-empty. However, this set receives a substantive
reading only if a particular voting system is specified. In particular, in RD-systems
LP =0 and N\ (P U LP) is just the set of the agents who cannot cast their
vote, but only delegate; while in LD-systems N \ (P U LP) is empty.

The vector S describes the stakes of the agents, so that for each ¢« € N
S; € {0, ..., |A] — 1}. Intuitively, agents’ stakes represent the extent according
to which agents are concerned with, or involved in, the voting issue. For the
purpose of simplicity, we assume that there is a direct correspondence between
agents’ involvement and the effort they will spend in deciding their preferred
alternative. As a result, agents with higher stakes will be more interested in
determining what’s best for them. This seems a reasonable simplification: agents
that are affected more by a decision will delve deeper into the matter, they will
be more inclined to spend time to evaluate the options, they will assess more
carefully the advantages and disadvantages of each option, etc. For our purposes,
all that matters is that higher stakes corresponds to greater effort, which in turn
results in a more informed and precise assessment of each agent’s subjectively
best option. Indeed, we assume that each agent has an unique best option, and,
consequently, the higher the stakes of the agent the more options the agent will
be able to discard, as not beneficial to her.

We shall say that a voting system S is p-level when there are p many different
values in S, i.e. p = |{S;}s,es|- In addition, we call Ly the set of agents with the
lowest stakes, Lo the set of agents with the second-lowest stakes and so on. In
general,

Lo=10
Li:{i€N|SZ-§Sj foralleN\(LOU-~-ULi,1)}.

Option set A; describes i’s preferences, i.e. it collects all the options that i
considers equally good for her (they all seem to give the same amount of benefits



Leyla Ade, Matteo Michelini & Pietro Vigiani

to her). As mentioned, each agent has a unique best option, but she may not be
able to single it out. The size of A; depends on i’s stakes, described by the vector
of stakes S so that

|Ail = |A] = Si.

Hence, the higher i’s stakes, the smaller the size of i’s option set. The relationship
between the number of options and agents’ stakes formally captures the idea that
agents who are more likely to put effort in the voting issue will end up with an
opinion which is closer to their actual one, i.e. their option set contains fewer
options besides the subjectively best one. Note that the way |A4;| is determined is
quite coarse-grained, as stakes are only allowed to range between 0 and |A4| — 1.
This means that our model is not able to differentiate between small differences
in involvement in the voting issue. More precisely, it is only able to differentiate
stakes insofar as they provide a means to discriminate between options, i.e. reduce
the size of the option set. Example 1 gives an illustration of how citizens’ stakes
may be determined and how they relate with citizens’ effort and expertise.

Ezample 1 (Building an airport). A group of citizens is asked to express their
vote about the construction of a new airport. Imagine, in particular, that citizens
are called to express a preference over the airport’s number of strips, from one to
four. Each citizen will have a preferred option, coming from their understanding
of the issue. Suppose Alice lives at the opposite side of the city: her stakes in the
decision are lower and, presumably, she will give less importance to the decision
than Bob, who lives next to the airport. Therefore, it is likely that Alice will
not put too much effort into understanding the matter and forming a specific
opinion. She may get to think for example that four strips would cause a huge
environmental damage, without discerning which of the other options benefits
her the most. Bob, on the other hand, will spend great effort to make his decision
and he will probably be able to distinguish his best option. For example, he may
prefer one strip, so that from his house he will hear less noise.

We shall use Definition 1 to formalize this scenario. Let S = (N, P,LP, A,S,)
describe the voting system for the vote on the number of strips such that
N D {Alice, Bob}. If we assume all citizens in N to be asked to cast their vote
directly, we obtain that N = P, hence a RD-system. On the other hand, some
citizens could possibly be allowed to pass their vote to others, which would mean
that LP # 0 and P C N. The set of alternatives contains all the possible numbers
of strips, i.e. A ={1,2,3,4}. Alice’s stake is low Sa;ce = 1, hence she could only
eliminate one alternative from her personal option set A 4. = {1,2,3}. Bob on
the other hand has the highest stake possible Spo,, = 3 and could identify his
unique best alternative, thus his option set is a singleton Apq, = {1}.

Definition 2. Let S be a voting system. A M-suitable profile Ay = (A4, ..., Ai,,)
for S is a (partial) vector of option sets such that m <n and for each j € M =
{i1,...,im} we have that |A;| = |A| — S;. A suitable profile, denoted by A is a
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N-suitable profile. We call AY the set of all M-suitable profiles for S and As
the set of all suitable profiles for S.

Definition 3. Let § be a wvoting system. A M-suitable profile Ay for S is
compatible with a suitable profile A iff for alli € M such that A; € Ay we have
A; € A. We shall denote as As| A the set of all suitable profiles for S that are
compatible with A ;.

Notably, combining S with a suitable profile yields a voting system where
agents have decided on their preferences. The notion of M-suitable profile and
compatibility will turn out useful in the proofs, as we will have to work by
combining partial profiles.

Having defined formally a setting which represents agents’ preferences, we
now propose a model of delegation that accounts for rational voters’ behaviour in
selecting their representatives. Note that a voting system represents a situation
in which agents’ option sets, thus their preferred alternative regarding the issue
to be voted for, are not known yet. However, for the delegation process as we
define it in Definition 4 all option sets need to be known.

Definition 4. A delegation process is a function ds a4 : N — PULP such that:
i ifire P

. ‘ . |As N (AN A
d = 1)je X = ar gmin ———*~
s.40) j s.t. OF ke%DULP | A ifi & P.

(2)|4;] < |Ap] for allh e X

1)

We define the actual voting weight of i in S as ws a(i) = |{j € N|ds,a(j) =1i}|.
We shall denote with D™ i’s possible delegation set, i.e. DA = {j|ds(j) =i
for some A € As suitable for S which is compatible with Aps}.

Ties are broken randomly. The idea is that delegation is always the result of a
compromise between a set of formal criteria [3] and voters’ available information
(content criterion). We describe voter i’s behaviour in two phases: in (1) ¢ selects
the agents more likely to vote for i’s preferred option, while in (2) ¢ selects the
agents that have the smallest option sets, i.e. people with the greatest expertise
on the matter, among those already selected®. The person a voter delegates
to, so called expert’®, is the most convincing person she knows among those

5 Note that, although LD generally allows for transitivity in delegations, it happens
that transitivity is superfluous in this model, since by completeness of information all
voters delegate their votes directly to an expert that does not delegate. This makes
our model a de facto version of proxy voting [13].

5 The problem of the choice of an expert has been widely addressed in the social
epistemology literature (see e.g. Croce [10] and Goldman [12]). Here we mainly refer
to the parameters discussed by Blum and Zuber [3], i.e. dialectical performance,
absence of biases, track record of cognitive successes, etc.
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(eligible for delegation) who share some of her basic ideas. Note that in RD, when
P = N we have that by Definition 4 everyone delegates to themselves, this is,
everyone is a politician who votes directly. In this special case there occurs no
proper delegation. We call ws a (¢) actual voting weight to distinguish it from
the notion of expected voting weight that will be defined in Definition 5. Besides
the existence of a unique best option, note that we assume sincerity, i.e. voters
communicate their true preferences, as well as complete information, hence for
all agents ¢ and j, ¢ knows j’s option set A;. With these assumptions, agents are
able to select their delegate in compliance with our content and formal criteria.

We shall extend Example 1, which described a group of citizens called to
decide on the size of their airport, so as to include the modeling of the delegation
process.

Ezample 2. In the scenario we described in Example 1 Alice is able to narrow
her preferences down to four alternatives and Bob’s option set is a singleton.
Now, we consider three additional citizens, Charlie, Dylan and Eve, such that
N = {Alice, Bob, Charlie, Dylan, Eve}. Both Charlie and Eve invest some time
to reduce their option sets to a pair each, whereas Dylan has no stakes in
the matter and is indifferent between all alternatives. Figure 2 illustrates this
situation. Each row represents a level of stakes from the lowest (S = 0) to the
highest (S = 3). In each row the dots represent the four alternatives respectively,
ay being one strip, as being two strips and so on. Each box illustrates an agents
option set.

Suppose an LD-system is adopted and all the citizens are considered liquid
politicians, i.e. LP = {Alice, Bob, Charlie, Dylan, Eve}. Take Alice as an exam-
ple. By condition (1) of Equation 1, she excludes Dylan and Eve from her list
of possible delegates, as they include option 4 in their option set. On the other
hand, Eve’s and Bob’s option sets are included in Alice’s and hence they both
minimize W. The choice between Eve and Bob is then decided by
condition (2), and since Bob’s option set is strictly smaller than Eve’s one, we get
that ds a(Alice) = Bob. It can be shown with analogue arguments that Dylan
delegates to Bob as well, while Charlie, Eve and Bob vote directly.

If, on the other hand, RD is the voting system of choice, the delegation
process could look very different. Assume, for example, that Dylan is the only
politician, i.e. P = {Dylan}, N \ (LP U P) = {Alice, Bob, Charlie, Eve} and
LP = (. Consequently, everyone delegates to Dylan and for each agent i we get
ds,a(i) = Dylan.

We now turn to the principle of proportionality, which states that the weight
in any decision-making should be proportional to individual stakes. We use
such a principle to evaluate a voting system based on the satisfaction of the
proportionality requirement. To do so, we introduce the notion of probability
of a suitable profile, and we identify the weight of an agent with the expected
voting weight, i.e. the expected value of the actual voting weight. Therefore,
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S=1 ° ° ° °

Charlie

Fig. 1. Tllustration of stakes and option sets of the airport Example 1 with more agents.

we define proportionality of a voting system in terms of a comparison between
initial stakes and expected voting weight. Differently than actual voting weight,
expected voting weight does not rely on the agents’ actual option sets. Indeed,
it is reasonable to judge whether or not a system is proportional before the
preferences of the agents are known, as a voting system is often chosen in practice
without such knowledge.

We assume that every suitable profile has the same probability to appear in
S, hence

1

P(A|As) = pas(A) = s’ (2)

We define a random variable that takes on the voting weight of the different
profiles that can be produced in S.

Definition 5. Let S be a voting system, i € N and As be the set of all suitable
profiles. The voting weight W#s (i) : A — N is a random variable over the
sample space As so defined:

WAS (1)(A) = ws, a(4).

Hence, i’s expected voting weight is exactly the expected value of i’s voting
weight with respect to the voting system S, i.e.

EAs ()] = 3 wsal) pas(A) = 3 wsall) ——.  (3)

AcAs AcAs
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Similarly, if we restrict the domain of the voting weight to range only on suitable
profiles that are compatible with A j;, we obtain that

AslAu ()] = ws.a (i) - —— .
E[W ()] AEAES:lAM S,A() ‘AS|AM| (4)

Now that we have defined a notion of expected voting weight independently of
the agents’ preferences, we can formally define our proportionality principle for
voting systems.

Definition 6. Let S be a voting system and A a suitable profile for S. Then S
is proportional iff for all i,7 € N

1. if S; > S; then E[WAs (i)] > E[WAs (5)], and
2. if S; = S; then E[WAs(i)] = E[WAs (5)].

Hence a voting system is proportional if and only if higher stakes lead to
higher expected voting weight and equal stakes to equal expected voting weight
accordingly. Two things are worth noting. First of all, our definition of propor-
tionality implies that in a proportional voting system there may exist a suitable
profile for which the actual voting weight (obtained after the delegation process)
of an agent may be higher than the actual voting weight of an agent with higher
stakes. Such a possibility should not sound strange, as our definition requires
proportionality in terms of expected voting weight and not in terms of actual
voting weight. Secondly, our definition draws a distinction between the case for
equality and the case for ‘greater than’. This trivially implies that if a system is
proportional if S; > S; then E[WAs (i)] > E[WAs (5)] for all i,j € N.

3 Results

In this section we evaluate first RD and then LD with respect to proportionality.
The following are two preliminary lemmas to the proof that the class of RD
systems does not satisfy proportionality. Intuitively they state that unless the
set of politicians consists of all agents except for the least interested ones, i.e.
P = N\ L1, a voting system can not be proportional. In what follows we omit
reference to S when clear from context.

Lemma 1. Let S be a p-level RD-system, i.e. LP =0. Ifp>1 and L; € N\ P,
then S is not proportional.

Proof. By cases. Case 1: Ly C P. If N = P, then wa (i) = 1 for every i and
consequently, E[WA(i)] = E[WA(j)] for every i, for S; < S;. If N # P, then
there exists j with S; > S; such that E[W4(i)] > E[WA(j)]. Case 2: there
exists ¢ € L; such that ¢ ¢ P. Thus, there also exists j € Ly N P and then
wa (1) < wa(j) for any A. In both the cases, S is not proportional. O
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Lemma 2. Let S be a p-level RD-system with p > 1. If N\ P € Ly, S is not
proportional.

Proof. By cases. Case 1: Ly € N\ P. By the above Lemma S is not proportional.
Case 2: Ly C N \ P. So there exists ¢,5 € N\ P such that i € L; and j ¢ Ly.
Consequently, the expected voting weight for both is always 0, while they may
have different stakes. O

Lemma 1 and Lemma 2 allow us to formulate our first theorem regarding
RD-systems.

Theorem 1. There is a triple (N, A, S) such that for all possible set of politicians
P, the RD-system S = (N, P,LP, A, S) is not proportional.

Proof. Let N ={1,2,3}, A = {a1,a2,a3,a4,a5} and S = (1,2,3). We show that
there is no choice of P that makes S proportional. By cases. Case 1: P # {2,3}.
Thus, by lemmas 1 and 2, S is not proportional. Case 2: P = {2,3}. Now, consider
an arbitrary 1-suitable profile Ay;) where A; is fixed and Az and A3z are not.
There exist 100 suitable profiles for S compatible with it. In 48 of them 3 gets
the delegation from 1, i.e. wa(3) = 2 and wa (2) = 1. In the other 52 profiles,
2 gets 1’s delegation, i.e. wa(3) =1 and wa (2) = 2. This holds for all possible
1-suitable partial profiles A(qy. Therefore, E[W4(2)] > E[W(3)], as in more
suitable profiles d(1) = 2 than d(1) = 3. Thus, there exists no set P such that
the system is proportional. O

This is one of the two key findings of this work. Theorem 1 says that even
if we were to select politicians after knowing the distribution of stakes and the
option sets, it could be the case there is no choice of politicians for which the
system is proportional, i.e. RD-systems do not guarantee proportionality.

Now, we shall move our attention to LD-systems. In order to prove our main
theorem, we shall first prove Lemma 3.

Lemma 3. Let S be a LD-system, i.e. LP = N, and let ¢,5 € N. If §; > S
then:

1. for all Ay with M = N\ {i,j}, E[WAsAm(5)] > E[IWAsIAm(5)];
2. there is Ay with M = N\ {i,j} such that E[WAsIAm (5)] > E[WAsAm ()],

Proof. We consider an M-suitable profile with M = N\ {i, j}, and, consequently,
from now on we drop reference to A in ¢’s delegation set Df‘M . First, note that
by S; > S; and the definition of da it follows D; C D;. Then ¢’s expected voting
weight in A s corresponds to the sum of the expected voting weights each agent
grants ¢ with respect to A|Ajs. Let Exp (i) for h € M represent i’s expected
voting weight with respect to A|Aj; coming only from agent h delegating to .
This implies that
EWAAY (§)] = > By (i).

heD,
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Note that Exj (i) is well defined since by design every voter delegates indepen-
dently from other voters. Notably,

E[WA'A—M (i)] — E[WAIAM ()] = Z (Exp(j) — Exp(i)) + Z Exp(i). (5)
heD, h€D;\D;

The difference in expected general voting weight between ¢ and j is given by
the difference in weight that each agent h in D; N D; gives to the two plus the
weight each agent h in D; \ D; gives to i. We now prove that for every h € Dj,

Exp, (i) — Exp(j) > 0. We have that Exp (i) = Cianian XClaniag) oy g Exy(j) =

Clal,1a,1%Cal,14,]
Clag1.14;1X(Cla1a;1=Clay1.14,1)
Clal1a;1XCal, 145
where x items must be assigned to y places. Since h is giving weight to j in
some A this voting weight may not be a integer, but a fraction due to a possible
tie. On the contrary, the weight being given to i is always a integer, since if
there was a tie with ¢ then h would have not been in D;. Indeed, note that h is
fixed, and if there was an [ fixed such that A; C Ay, then D; = (). We can then
assume mod = 1 without loss of generality. We can compute Exp (i) — Exp(j)
with |A] > [An] = |A;] > |Ai]. Let z = [A],z = [An|,y = |4;| and |A;] = w.

Consequently,

mod X where C, , is the number of combinations

() G+ @G~ @) E)
(&) 5) '

(2) (z) is equal to

w

E’th(Z) — E:L'h(]) =

In particular, (2)(2) + (2)(7) —

Y w/\y

1 x! 2! x! x! 2! x!
T owly! ((x—w)! (z—y)! * (z—w)! (x—y) (z—w) (a:—y)!)

! 2! x! 2!
Tl ((x—w)!(z—y)! * (x—w)l(z—y) (z—w)!(m—y)!)
B xlz! ((z—w)!(:c—y)! x!(z — w)! 1).

T wlylz—w)l(@—y)! \z—w)(z—y)! " (z—w)z!

Since (EZwhlemil - (Emwjhl2oVH we have that (= e=4) > 1. Thus,
Exy(i) — Ezp(j) > 0, and E[W 4a,,(i)] > E[WAIAm(4)] for all Ay, This
concludes the proof of item 1. Now for item 2. Since S; # 0, there is always a way
of building A js such that for all k € M, A, ¢ A;. In such a partial profile, D; # 0;
in fact, i always delegates to herself and so i € D;. Hence, ) ;e p.\ p, Exn(i) > 0.

Thus, by Equation 5, for some A,
E[W 4ja,, (i)] > E[VAR ()],
O

Lemma 3 states that if ¢’ stakes are higher than j’s two consequences follow.
First of all, i’s expected voting weight is always greater than j’s with respect

10
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to an M-suitable profile that does not assign an option set neither to ¢ nor to
j. Secondly, there always exists at least one M-suitable profile such that i’s
expected voting weight is higher than j’s. Now we turn to our central theorem,
which draws on the results of Lemma 3 and generalizes them to all the suitable
profiles.

Theorem 2. If S is a LD-system, then S is proportional.

Proof. Assume S is a LD-system. If S; = S; we can define a bijective function f
mapping any suitable profile A for S to a suitable profile A’ such that A, = A;
and A’ = A;. Consequently, [{A € Alwa (i) —wa(j) = h}| = {A € Alwa (i) -
wa (j) = —h}| for any h € N. Hence, E[W (7)] = E[W (5)].

Assume S; > S;. Let ¢ € N and M C N. Thus, by laws of probability

EW(i)] = > E[WAR ()] x p(An).
Ay EAM

That is, instead of computing the weight for each combination in Ag, we first
compute the expected weight for each group of combinations having the same
partial profile in common and then we do the weighted sum of these values with the
probabilities of each partial profile being the weights. Thus, E[W ()] — E[W(4)]
is equal to

= Y EWARM@O] xp(Ay)— Y EWARY()] x p(Au)

A EAM Ay EAM
= Y EWAAME)] - EWAAY()]) x p(Aw).
Ay eAM

Hence, since p(A ) > 0, by Lemma 3 we conclude that E[WA(:)]—E[WA(5)] >
0. O

The results above show that the proportionality principle is always satisfied
by LD but not by RD, as some RD-systems cannot be proportional, regardless
of the set of politicians. For example, we showed in the proof of Theorem 1
that a system with three agents having three different levels of stakes, none of
them equal to zero, is never proportional. On the other hand, LD guarantees
proportionality for any system regardless of the stakes’ profile. This implies
that no information about S is needed for LD-systems to be proportional, as
agents themselves shape the delegation process. Instead, in RD-systems agents
do not have the same freedom: while in LD every agent can choose between
delegation and vote, in RD system every agent only has one option. The result
of Theorem 1 is a consequence of this feature. RD-systems are too rigid to be
able to grant proportionality, as agents are unable to adapt their delegations to
the option profile generated. If an agent is a politician, she always casts her vote
even if there is someone that shares her ideas, but is more expert. In contrast, in
LD-systems agents shape the delegations based on the option sets they select,

11
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and this grants them more flexibility and responsiveness to different scenarios.
LD-systems exploit the knowledge of the agents of each others’ option sets to
create the delegations. In this sense, LD not only allows for proportionality,
but does so starting from a situation in which each agent contributes equally
to the delegation process. This also enables LD to produce a completely equal
distribution of voting weight, where each agent votes directly, if each agent has
the same stakes’ value.

4 Conclusion

This paper proposes a way to assess proportionality in different delegation systems.
Our theoretical results show that Liquid Democracy fares better than Represen-
tative Democracy with respect to the principle of proportionality, formalised as a
probabilistic notion. Liquid Democracy always produces a proportional outcome,
as it assigns more expected voting weight to agents more interested in the issue.
In particular, it does so regardless of the specific assignments of stakes values in
the system.

The results have, however, some conceptual limitations. First, proportionality
is always obtained in terms of our representation of stakes, which is relatively
coarse-grained. In fact, as .S; can only take as many values as there are alternatives,
we may not be able to capture slight differences in stakes. An alternative modeling
choice would be to allow stakes to take arbitrarily fine-grained values, e.g. over
natural numbers, to be able to accommodate more differences between agents’
stakes. However, this would imply that two agents with different stakes’ values
may have two option sets of the same size. Consequently, their difference in stakes
would not be visible in any way to the other agents, who just know the option
sets sizes (complete information). Secondly, complete information about other
agents’ preferences throughout the delegation process is a strong assumption.
Our results are heavily dependent on the agents’ ability to possibly find their
perfect delegates. Finally, it seems relatively controversial that individuals are
able to measure their stakes, adjust their effort to them, and convert that effort
into knowledge about their best options. Therefore, a natural next step would be
to relax these assumptions and see how the results change accordingly.
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