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Abstract. Based on a formal language of permitted announcements ad-
vanced by Balbiani and Seban, we propose a formalization of “it is per-
mitted to announce something” with unary operators. To do it, we cut
off the unary fragment of the language and give it neighborhood se-
mantics. We investigate the definability of unary operators, two different
types of update methods, and reduction theorems in this language. We
also axiomatize the logic. As an application, we formalize some norms of
assertion and the Moorean sentences in the language.
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1 Introduction

G. E. Moore [5] noticed that it is odd to say this sentence: “It is raining, but
I do not believe that it is raining.” Hintikka [2] found another sentence, “it is
raining, but I do not know that it is raining” is also odd to say. If we use K;p and
B;p to express “agent i knows/believes p”, we can formalize those sentences as
- K;pAp and =B;pAp. We call a sentence that has one of these forms a Moorean
sentence. In [13], Williamson claims that the oddity of Moorean sentences can
be explained by violating some assertion norms, which means that the agent is
not permitted to say Moorean Sentences under those norms.

This essay focus on the formalization of permitted announcements. For ex-
ample, we want to express “it is not permitted to announce Moorean Sentences”
and “if someone is permitted to announce @, then she knows ¢” in a formal logic
language.

An obvious starting point is the logic of public announcements (PAL), which
was famously proposed by Plaza [7]. The language of PAL can express “after
announcing ¥, ¢ is true” by [¢]¢ through an update on epistemic models. A de-
tailed studies can be found in [10]. But this language can not express the deontic
standards we want, since PAL can not express the permission of announcements.
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Due to this limitation, Balbiani and Seban [1] proposed a formal language
POPAL (permitted and obligated announcement logic, noted by Lpopa) by
adding P(v, p) and O(¢, ¢) to the language of PAL. P(4, ) and O(%, ¢) means
that “¢) is true, and after announcing v, it is permitted/obligated to announce
¢”. Therefore, Lyopq; has the power to formalize some deontic announcement
sentences. For £,opq1, Balbiani and Seban use a neighborhood-like semantics to
interpret Lyopar, and they also established a sound and complete axiomatization
POPAL w.r.t all models.

This language seems good enough for our aims, but as some relevant studies
developed, there are some further works we can do on permitted announcements:

First, Ma and Sano [3] studied two ways of updating neighborhood models.
The semantics of Lyopa only use the first kind of update. By referring to this
recent study, we give a full picture of how different update methods influence the
validities of the reduction theorems. We will discuss these two kinds of update
methods and give a modified update method for the announcement operator.

Second, Seban and Ditmarsch further consider the expressive power of Lpopa
in [11]. They proved Lyopar is expressively equal to its unary fragment. But they
do not give the axiomatization of the fragment. This unary fragment is worth
further consideration. We will give a new neighborhood semantics to it and
discuss the axiomatization of the fragment under neighborhood semantics.

In a nutshell, this essay aims at introducing Ly,0pq; by trying two kinds of
update methods. In the rest of the essay, first in Section 2, we will review the
Lpopal (2.1), and define the unary fragment of it (2.2). In Section 3, we will
establish neighborhood semantics for Lypopa (3.1) and introduce a technically
useful update method for Lypopar (3.2). In Section 4, we will give a sound and
complete axiomatization UPOPAL of Lypopar (4.1-4.3). In Section 5, we will
formalize knowledge and belief norms of assertion as an example of UPOPAL
(5.1) and show that Moorean sentences are never permitted to announce under
those norms (5.2).

2 From L,,pq to its Unary Fragment

2.1 A Review of Lyopal

This part we briefly present the work of Balbiani and Seban [1]. The logic of
permitted and obligated announcements is an extension of the multi-agents epis-
temic logic of public announcements. Given a countable set of agents IV and a
countable set of propositional atoms O, the language Lyopa 0of Permission and
Obligation Public Announcement Logic (POPAL) is defined as follow:

pu=p|Ll]|-p|leVe| Kellele ]| Ple,e) | O(p¢)

wherep € ©,i € N. T, pAth, o — 1 and () are defined as the abbreviation of
—L, V), ~p Ve and —[¢]-p. The intuitive reading of K;p is “agent ¢ knows
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that p is true” whereas [1)]p is read as “after announcing 1, ¢ is true”. P(¢, ¢) and
O(1), p) are read as “1) is true and after announcing ), it is permitted/obligated
to announce ¢”.

A model over non-empty sets © and N is a tuple (S, ~;,V,P), where S is a
non-empty set of states, for each i € N, ~; an epistemic equivalence relation on
S, V a valuation function from © to subsets of S, and P a neighborhood relation
that P C S x 29 x 25 | if (5,9,8") € P, then s € S” C S'. The semantics of
announcement operator and new operators O/P are defined as:

o M, sk [ iff M,skE = My,skE .
e M,sE P(1,p) iff for some (s, [, S”) € P, 8" C [{W)p]m-
o M,sE O, ) iff for all (s, [¥]m,5") € P, 8" C [(¥)¢]m.

where M, is an update model and defined as (Sy,~", Vi, Py): Sy = [¢]n;
and for all 4, Nf’ = ~; N(Sy x Sy); and for all p € O, Vy(p) = V(p) N Sy;
and Py = {(5,5,58") € P|s € Sy, 5 C Sy,5" C Sy}. The update method
used here is a limitation on the original model. The limitation of announcement
¢ throw all the P members which are not contained by [¢]r. In [3], Ma and
Sano named this way Subset-update. We will introduce another update method

in Section 3.

2.2 Cut off the Unary Fragment

We focus on the unary fragment of Lypopai. For all formulas x € Lyopai, we write
Py := P(T,x)and Ox := O(T,x). We name the fragment of L,opq with
unary operators Lypoper- From [11] We have:

Proposition 1. F ({)P(T,¢) <> P(¥,¢) and E ()O(T,p) < O, )
Proof. See [11] for details.

In semantics, we have:

e M,sE Py iff for some (s,5",5") € P, 5" C [¢]m.
e M, sk Oy iff for all (s,5",5") € P, S"” C [¢]m-

Two important observations: (1) Proposition 1 tells us we can rewrite the
Lpopal into a simplified unary version without losing expressive power. (2) From
the semantics of Py and Oy, we can find that their satisfaction does not rely
on S’. Combining these two observations, we find that it is possible to give
neighborhood semantics to Ly popal
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3 Semantics and Update Methods

3.1 A Neighborhood Semantics of L popal

Definition 1. N and © are defined in the same way as Lpopar. A model M
is a tuple (S,{~i}ticag,V,N), where S is a non-empty set of states, ~; is an
epistemic equivalence relation on S, and V is a valuation function from © to
subsets of S. N is a neighborhood function that N : S — P(P(S)). Let N(s) # 0.

Using the method provided by [3]|, we define two different ways to update
our models:

Definition 2. For any model M and any ¢ € Lypopal, the restricted model of
M*? = ([p]m, ~i7, V¢ N*?) for x € {C,m}, where for allp € © and i € AG:

(2

~ =i N([elm X [@Im), V*¥(p) = V(p) N [p]m. N*¢ is defined as:
NE#(s) ={Y | Y C[plm A Y € N(s)}
N (s) = (¥ | 3Z((Z € N(s) A £Y = Z0[ela)}-

Notice that in N™°(w), we must warrant every points w in M™ has no
empty neighbor subset.

Definition 3. Let M be a model and s be a state of S, we define:

M,sEpiffwe V(p);

M sH 1;

M, sE - iff M, s ¥ p;

M,sEpVY iff M,sE @ or M,wkEy;
M, s E Ko iff for every s with s ~; s', M, s" E ¢;
M, sE [l iff M,sE b = MY sk p.
M, s E Py iff for some X € N(s), X C [¢]m-
M, sE Oy iff for all X € N(s), X C [¢]m-

For all ¢ € Lupopai, M E @ iff for all s € S, M,s & ¢ , and E ¢ iff for all
models M we have M E .

Now we discuss the interpretation of our semantics. The intuitive reading of S
is all the states we consider possible. ~; denotes the epistemic indistinguishable
states of agent i. We define a “knowledge cluster” for every s € S and every
i € AG by [s]~,, where [s]., is the equivalence class of ~; on s. M, s E K;p if
and only if ¢ is satisfied in every points of [s].,. V is a function distribute every
atom proposition a subset.

The interpretation of N (s) needs more explanation. N (s) collect some subsets
of S for s. We can see every N(s) as an “ideology set” of s, which collect every
“ideologies” of s. If an announcement ¢ does not contradict some ideologies, then

Py is satisfied in the state, which means “it is permitted to announce”. Although,
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it may contradict some other ideologies. If an announcement does not contradict
any ideologies, then Oy is satisfied in the state. But in this semantics, it does
not mean “it is obligated to announce ¢” as in Lyopai, it only means there is no
deontic restriction to stop announcing ¢. So, the interpretation of Oy is “it is free
to announce ¢.” Using terms in [6], Py is a { | operator, which means for some
subset, every point in the subset satisfies some formulas. Oy is a [ | operator,
which means for all subset, every point in the subset satisfy some formulas. (The
notation ( and ) stand for ezists, [ and | stand for for all.)

We can use ideology to explain two update methods given by Definition 4.
Subset-update means, that for every ideology that contradicts our announce-
ment, we throw the whole ideology away in update models. Intersection-update
means, that for every ideology that contradicts our announcement, we modify
the ideology by cutting the contradictory part in update models.

Notice that Op <> ~P-y is not something we want. If someone is “free to
assert p”, it does not only mean she is “not permitted to announce not p”, she
is also not permitted to announce something that implies not p. Similarly, if
someone is “‘not permitted to announce not p”, it does not only mean she is “free
to assert p”, but she can also “not announce anything”. We will see in Proposition
4 that operators O and P are not mutually definable.

We should also pay attention to the condition that every member in N (s) can
not be an empty set. This condition is important for the proof of completeness.
It also preserves that Pl is impossible.

We continue with two model invariance results in weaker languages, which is
important for our later work on reduction theorems. An easy obervation is the
satisfaction of Py is preserved under adding bigger subset and the satisfaction
of O¢ is preserved under adding smaller subset. A precise expression is:

Proposition 2. Let L,popai—0—[ ] be Lupopal without O and announcement op-
erator, and let Lypopai—p—| | without P and announcement operator. Consider
two pointed models M, s and M’ s". We have:

e IfN(s) C N'(s), and for any X' € N'(s), exists a X € N(s), where X C X',
then we have for any ¢ € Lypopai—o—[1, M,s F p iff M', s F .

e If N(s) C N'(s), and for any X' € N'(s), exists a X € N(s), where ) #
X' C X, then we have for any ¢ € Lypopai—p—[1, M,sF p iff M', s F .

Proof. The proof is obvious. We left it to readers.

Can we find a structural property preserve invariance under a richer language
Loupopai—[ 17 Yes. From Proposition 6, we know when we add or delete some non-
important neighbor subsets, modal satisfaction is invariant. So in Lypopai— ],
what we should do is to find some non-important subsets for both P and O:

Proposition 3. If N(s) C N'(s), for any X’ € N'(s), ezxists a X € N(s),
where X C X', and exists a Y € N(s), where ) # X' C Y, then we have for any
S Lupopalf[ IE M, s F ¥ iﬁM/7S F P-
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Proof. This is proved straight from Proposition 2.

Using this result, we can prove a proposition about the expressive power of
P/O operators:

Proposition 4. Operators P and O are not mutually definable in Lypopai— |-

Proof. Assume operators P and O are mutually definable, then L, popai—p—| ] is
expressively equal to Lypopar—o0—[]- Now we should prove Lpopai—p—1] is less
expressive than L,,,pq—0—[ ] and vice versa.

Consider a model M = (S, ~;,V, N), where S = {s1, s2, 53}, V(p) = {s1, 52},
N(s1) = {{s1,s2}}

For contradiction, assume for any formula ¢, ¢ € Lypopai—p—[], €xists a
Y € Luypopal—o—[ 1, Where F ¢ < ¢. Let F Op < x, X € Lupopai—o—[]- Let
M = (8,~;,V,N') where N'(s1) = {{s1,52}, {51, 82, s3})}. From Proposition
6, for all formulas ¢ in Lypopai—o—[ ], M, s1 F @ ifft M', 51 F . But M, s1 F Op
and M’, s; ¥ Op, then M, s; E x and M’, s; ¥ x. This is a contradiction.

Similarly, let F Pp <+ x, X € Luypopai—p—[]- Let M"” = (S, ~;, V,N") and
N"(s1) = {{s1},{s1,s2}}. For all formulas ¢ in Ly,opai—p—1], M,s1 F @ iff
M’ s1 E . But M,s; E Pp and M" sy & Pp, then M, s; F x and M’,s1 K x.
This is a contradiction.

3.2 Dealing with Reduction Theorems

Reduction theorems are used to translate a language with announcement opera-
tors into a language without announcement operators. The expressive power of
these two languages is equal.

Proposition 5. For all p € O, all v, ¥ € Lypopar, for both update semantics,
we have:

o F [Y]p < p;

o E[Y]-p & [Ylp;

o F[U](pVx) < (WleA[]X);
o = [7” 1@HK[¢}

o = [Y][x]p < [(v >>d<p'

Proof. These are standard results, see [10] for details.

But, we do not have reduction theorems in M semantics for P and we have no
reduction theorems in C semantics for O.

Proposition 6. For all ¢, ¥ € Lypopai:

o NEV:
o F[Y]p < (¥ = P((¥)p));

o No reduction theorems for [1]O¢ in Lypopal;
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o« N™.

No reduction theorems for Y|Py in Lupopal;
F [Y]0¢ < (¥ = O([Ylp));

Proof. We only consider the case where there are no reduction theorems. For all
M, all s € S and all p,%) € Lupopais
For N&¥,

e No reduction theorems for [¢)]O¢ in Lypopai-

Assume there is a reduction theorem [)]Oy +> X, where x contains no
subformulas has [a]Of forms. With Proposition 9, we can prove that
Lupopai— | 18 expressively equal t0 Lypopar in N<¥ semantics. Consider
a model M, where S = {w,u,v}, V(p) = {w}, V(q) = {w,u} N(w) =
{{w}, {w,u,v}}. From semantics definition, we have M, w E [q]Op. Let
M = (S, V,N"), where N'(w) = {{w}, {w, u}, {w,u,v}}. From Proposi-
tion 7, for any ¢ € Lypopai— 1, M,w F @ iff M, w E . Using [¢]O¢p < x
and other reduction theorems, we can find a formula x1, x1 € Lupopai—| |
and F x1 > [¢]Op. So, M, w E [q]Op, but it does not. So, we get a con-
tradiction. Therefore, there is no reduction theorem for [1)]Op in Lypopai-

For N™

e No reduction theorems for [)]Py in Lypopai-

Assume there is a reduction theorem [¢)]Pyp +> x, where x contains no
subformulas has [a]Pf forms. With Proposition 9, we can prove that
Loupopai—[ ] 18 expressively equal to Lypopar in N ™ semantics. Consider
a model M, S = {w,u,v}, V(¢) = {u,v}, V(p) = {w,u}, Nw) =
{{w}, {w,u,v}}. We have M,w E —[g]p. Let M’ = (S, V, N’), where
N'(w) = {{w},{w,u},{w,u,v}}. Same as N<¥ we can find a for-
mula X1, X1 € Lypopai—[] and F x1 <> —[¢/Pp and for all formulas
in Loupopai—| 1, M,w E ¢ ifft M',w E ¢. So, M',w E —[q]Pp, which is
not. Therefore, there is no reduction theorems for [)|Py in Lypopal-

These results tell us that if we want complete reduction theorems for both
P and O, we can not only use one of these two update methods. For the proof
of completeness, a modified update method is, for [¢)] Py formulas, we use C
semantics, for [¢)] Py formulas, we use M semantics:

Definition 4. Let M be a model and s be a state of S, for all v, € Lypopal,
we define:

o M,

If

o Y=
o Y=

sk W)e iff M,sE1p = ME™ sk .

Py, MS™ sk o iff MSY s E @;
Ox, ME™ sk iff M™ sE @;
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e otherwise, ME™ sk o iff M sE p or MY sE .

Using these definition, we translate any formulas ¢ in Lypopar to formulas
tr(yp) without operator [ ]:

Definition 5. We define tr(y) by induction on the complexity of ¢ as follows:

tr(p) p tr(l) =1 tr(=p) = —tr(e)

tr(¢p V) =tr(y) Vir(p) tr(Kip) = Ki(tr(p)) tr(p) = P(tr(v))
tr(y V@) = tr(y) Vir(p) tr(Kip) = Ki(tr(p)) tr([Plixle) = tr([(¥)x]e)
tr([Y1Py) = tr(y) = P(tr((®)¢)) tr([$]0p) = tr(y) — Otr([¢]e))

We have:
Proposition 7. For all ¢ € Lypopai; F ¢ <> tr(p)

tr(p) is a formula in Lypopei—1 1, which means Lypopar and Loypopai—| ] is ex-
pressively equivalent. Because L, popai—[] 18 a fragment of Lypopar, and using
Proposition 7 we can get every formulas in Lypopar is equal to a Lypopar—| ]
formula in semantics.

4 Soundness and Completeness of UPOPAL

4.1 The Axiomatization UPOPAL

In this part, we define the axiomatization UPOPAL. We first give some impor-
tant valid formulas and validity preserved rules in Ly popia-

Proposition 8. For all models M and all formulas ¢, o1, 02 € Lakn

e EOp1 ANOyps — O(p1 A p2)
e E Ppi ANOgpy — P(p1 A p2)
o F-0Op— PT

Proposition 9. For all models M and all formulas o, ¢’ € Lagn: if ME @ —
¢, then ME o = ¢ and M E Op — Oy’

Proof. In [1] Balbiani and Seban proved these formulas’ validity on P (v, ) and
O, ). We have Py := P(T,¢), Op := O(T,y), our proof is given straight.

Let UPOPAL be the least set of formulas in £L,popq; that contains the axiom
schemata and is closed under those inference rules. (See Definition 6.) We define
Fupopal ¥ iff p € UPOPAL, and X Fypopar @ iff there is a finite set of formulas
{x1,---xn} C X, such that Fypopar (X1 A ... A Xn) — . A set of formulas X is
UPOPAL-consistent iff X' t/,p0par L. A formulas set s is a maximal UPOPAL-
consistent set iff s is UPOPAL-consistent and for all formulas ¢, ¢ € sor —p € s.

Definition 6. The logic UPOPAL is axiomatized as follows:
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All propositional tautologies

Theorems of S5 (K, T,B,4)

Reduction Theorems in Propositions 8 and 9
oT

-PL

Op ANOY = O(p A)

P A O% = P(p A )

-O¢p — P(T)

From ¢ and ¢ — 1 infer ¢

From ¢ infer K;p

R3 From ¢ infer [{]p

R4 From ¢ — ¢ infer Pp — Py’ and Op — O’

SIS NI

o
S~

4.2 Soundness

Proof. The soundness of Axioms 4-8, R4 is from Propositions 7, 8, and 9. Others
are standard. See [10] for details.

Then we have:

Proposition 10. For all ¢ € Lypopal, popal ¥ <+ tr(p).

4.3 Completeness
The canonical model is defined below:

Definition 7. The canonical model M¢ = (5S¢, ~¢, V¢ P) can be defined as:

S¢ is the set of all maximal UPOPAL-consistent sets

for anyp € ©,V<(p) ={x € S|p € =}

x ~§y iff Kixz = Ky, where Ko = {¢|K;p € x}

Né(z) ={S:Jp(PpcaxNS={yeS:pecytn{ye S:VOx €z, x €
v}

Proposition 11. If S € N¢(s), then S is not an empty set. (i.e. M is a model.)

Proof. Consider an arbitrary S; € N¢(s). Let Pp; € s; and S; ={y€ S°:p €
y} N{y € S¢:VOx € s1,x € y}. We should prove that {o} U {x|Vx € s1} is
consistent. For contradiction, assume that {¢} U {x|Vx € s1} is not consistent,
then we have a finite sequence that {¢} U {x1 A x2... A xn} F L, which means
FoAxiAxe... AN xn — L. From R4, we have - P(o A x1 A Xx2--- A Xn) — PL.
From the condition, we have Ox1; A Ox2 A Oxs... A Oxy, € s1 and @ € s1, from
axiom 6 and axiom 7 we have P(p A x1AXx2...AXn) € S1, then we have P € s;.
But we also have =P € s; because =P is an axiom. This is a contradiction.
Therefore, {¢} U {x|Vx € s1} is consistent and S is not empty.
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Proposition 12. (Truth Lemma for Lypopar) For all © € Lypopar we have:

o Forallze S¢, Mz Eyp iff p€x

Proof. The proof is inductive on the deg of formulas by using Propositions 6 and
4. Here we only consider non-basic cases of Op and Pyp. See [1] for other steps:

o Y=

o Y=

P

(‘P:>) Suppose that M z E Py, then we get S1 C [p]me, S1 €
N¢(x). From definition, exists Pa, S1 = {y : a« € y} N{y : YVOx €
z,x € y}. Now we have {y : @« € y} N{y : VOx € z,x € y} C [¢]-
From Proposition 15 we have {a} U {x|VOx € =z} is consistent, and
by hypothesis, we have {a} U {x|VOx € x} U {—¢} is not consistent.
Thus {a} U {x|VOx € z} F ¢, then there is a finite sequence satisfy
{a}U{x1AXx2---Axn} F ©. So from R4 we have P(aAx1AX2..-AXn) — Pep.
We have Ox1 A Ox2 A Oxs...0x, € x and Pa € z, from axiom 6 and
axiom 7 we have P(a A x1 A X2... A Xn) € &, then we have Py € x.

(<) Suppose Py € z. From propositionl5 and induction hypothesis,
we can conclude that {¢} U {x|Vx € x} is consistent and we can find
a non-empty set S = {y : ¢ € y} N{y : VOx € z,x € y}. Due to the
induction hypothesis, S C [¢]aie, M, 2 E Py
0

(‘P:>) Suppose that M¢ x E Op. Assume Op ¢ z, from Axiom 8, we
have PT € . Thus exist (s,51) € P°,S1={ye S°: Tey}n{ye S°:
VOx € z,x € y})} = {y € S¢: VOx € z,x € y}. From M z E Oy,
we have {y € S° : VOx € z,x € y} C [¢]me. From the induction
hypothesis, we have {y € S¢: VOx € z,x € y} C{y € S¢: p € y}.
Similar to Proposition 16, we can conclude that - x1 A x2... A xn = ©.
From R4, we have - O(x1 Ax2..-AXxn) — O, and we have O(x1 Axa...A
Xn) € o, then Op € x. This is a contradiction.

(«<=) Suppose Op € x and M€, s & Op. Then we have a S1, S1 € N¢(x)
and S1 Z [¢]me. From the induction hypothesis, S1 Z {y € S¢: ¢ € y}.
However, it is impossible because S; C {y € S¢: ¢ € y} since Oy € z.
So M€, s E Ogp.

Proposition 13. Lopar 25 complete w.r.t. the class of all frames.

Proof. For all ¢ € Lypopai: F ¢ = (Proposition 7) k tr(p) =>(definition of F)
Me€ E tr(¢) =>(Using Truth Lemma) + ¢tr(p) = (Proposition 10)F .

5 Example: Norms of Assertion and Moorean Sentences

5.1 Knowledge and Belief Norms of Assertion

Timothy Williamson famously proposed that knowledge is the norm of assertion.
His argument is “How do you know that?” and “You do not know that!” argu-
ments: if a speaker asserts something, one may always ask her how she knows
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it and if she does not know it, she can be criticized for not knowing it. This
phenomenon can be explained by the knowledge norm of assertion. Besides the
argument, the knowledge norm of assertion also explains why it is odd to assert
Moorean sentences, which is not permitted under the knowledge norm [13].

The formalization of the knowledge norm of assertion has raised a lot of
discussions on the epistemic norms of assertion. (The discussion can be found in
[9][4][8].) In this section, we proposed a way to formalize knowledge and belief
norms of assertion in our language £,popal, and we also show under the knowledge
norm, Moorean sentences are never permitted to announce.

Before we propose our formalization of the knowledge norm, we should make
some clarification: (1) We only consider the single-agent situation, so we use ~
instead of ~;, K instead of K;. (2) We presuppose the announcement is asserted
by the only agent. Intuitively, the knowledge norms of assertion can be regarded
as:

e (Knowledge Norm) If agent i is permitted to announce ¢, then i knows ¢.
We can formalize this as:
e (KN) Py — Ko, where ¢ is a formula in Lypopai

From a semantics perspective:

Proposition 14. KN define the property that for all S C S and all s € S, if
S’ € N(s), then O # [s]~ C S’, where [s|~ is the equivalence class of ~ on s.

Proof. From the property to KN, let M,s; E Py, then exists S € N(s1),
S1 C [¢]m. From our property, [s]~ C S1, so [s]~ C [¢]m. Therefore, we have
M7 S1 E KQD

From KN to the property, consider the contraposition. In a model M, suppose
exist a s, Sz € N(s2) and [s2]~ € Sa, we can find a s3 € [s2]~ but not in Ss.
Let V(p) = S2, and M, s3 F Pp A = Kp.

The semantic property shows that the epistemic indistinguishable states of
i on s are contained by every ideology, so the agent knows everything not con-
tradicting any ideology. So if someone announces something, and it does not
contradict any ideology, then it must not contradict the knowledge cluster of the
agent. Therefore, permission implies knowledge.

Knowledge Norms of assertion can easily swift to belief norms BN. To do that,
we consider an axiomatization that changes the fragment of epistemic logic S5
to belief logic K D45. The semantic property will be similar.

5.2 Moorean Sentences
First, we review Moorean sentences:

1. “It is raining, but I do not know that it is raining.” (Knowledge version)
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2. “It is raining, but I do not believe that it is raining.” (Belief version)

We formalize them as —K;p A p and =B;p A p. By using KN and BN, we
can prove that Moorean sentences are never permitted to announce:

Proposition 15. In UPOPAL, ~P(—K;p A p) is valid by adding KN. In UP-
OPALB, which changes the fragment S5 of UPOPAL to belief logic KD45,
—P(—=B;p A p) is valid by adding BN.

Proof. Assume P(p A ~Kp) in UPOPAL+KN, P(p A =Bp) in UPOPALB+BN:

Knowledge version Belief version

1.P(p A —~Kp) Assumption 1. P(p A—Bp) Assumption

2FpA-Kp—p Tautology 2.-pAN—=Bp—p Tautology

3FpA-Kp— -Kp Tautology 3.F-pA—-Bp— -Bp Tautology

4.+ P(p A—-Kp) — P(-Kp) 2, R4 4.+ P(p A —=Bp) — P(—Bp) 2, R4

5. F P(pA—-Kp)— Pp 3, R4 5.+ P(p A—=Bp) = Pp 3, R4

6. - P(—Kp) A Pp 14,5 M. P. 6. - P(~Bp) A Pp 14,5 M. P.

7.F P(-Kp) - K-Kp KN 7.+ P(~Bp) — B-Bp BN

8.+ Pp— Kp KN 8.+ Pp— Bp BN

9. K(~Kp) A Kp 6,7,9 M. P. 9.+ B~Bp — ~BBp D

10. - K(=Kp) = —~Kp T 10. F =BBp — - Bp 4

1L F L 9,10 M. P. 11. F Bp 6,8 M. P.
12. F —Bp 6,7,9,10 M.P.
13. L1112

Therefore, =P(p A =Kp) is valid in Lypopar + KN and ~P(p A —Bp) is valid in
E;popalJrBN . We can conclude that Moorean sentences are always not permitted
to announce, which explains their oddities.

6 Conclusion and Further Work

Based on the work of Balbiani and Seban, we investigate Ly popa; and established
an axiomatization UPOPAL and prove its soundness and completeness. We also
used this logic to formalize knowledge norms of assertion, discuss their seman-
tic property and prove Moorean sentences are never permitted to announce in
UPOPAL.

A lot of issues need further work, here we list some of them:

1. Besides M and C, it is possible to find another update method that is natural
for Lupopa.l~

2. Another way is to try to prove the completeness without reduction theorems,
which is also left as further work. A work of completeness proofs on PAL
without reduction theorems can be found in [12].

3. What is odd in UPOPAL is that OT is valid. The oddity comes that it is
not always free to announce T. For example, when a teacher asks a pupil to
answer “Is 2+3=5 correct?”, she is not free to answer “yes or no”.

152



Permitted Announcement Logic with Unary Modal Operators

References

10.

11.

12.

13.

Balbiani, P., Seban, P.: Reasoning about permitted announcements. Journal of
Philosophical Logic 40(4), 445-472 (2011)

Hintikka, K.J.J.: Knowledge and belief: An introduction to the logic of the two
notions (1962)

Ma, M., Sano, K.: How to update neighbourhood models. Journal of Logic and
Computation 28(8), 1781-1804 (2018)

McIntosh, J.: How to understand the knowledge norm of assertion: Reply to
schléder. Thought: A Journal of Philosophy 9(3), 207—214 (2020)

Moore, G.E.: Commonplace Book: 1919-1953. Routledge (2013)

Pacuit, E.: Neighborhood semantics for modal logic. Springer (2017)

Plaza, J.: Logics of public announcements. In: Proceedings 4th International Sym-
posium on Methodologies for Intelligent Systems (1989)

Rosenkranz, S.: Problems for factive accounts of assertion. Notis (2021)

Schléder, J.J.: The logic of the knowledge norm of assertion. Thought: A Journal
of Philosophy 7(1), 49-57 (2018)

Van Ditmarsch, H., van Der Hoek, W., Kooi, B.: Dynamic epistemic logic, vol. 337.
Springer Science & Business Media (2007)

Van Ditmarsch, H., Seban, P.: A logical framework for individual permissions on
public announcements (2012)

Wang, Y., Cao, Q.: On axiomatizations of public announcement logic. Synthese
190(1), 103-134 (2013)

Williamson, T.: Knowledge and its Limits. Oxford University Press on Demand
(2002)

153



	Permitted Announcement Logicwith Unary Modal Operators 

